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Table 23: Coefficients for various formulas for the derivatives. The last
column is the error in the derivative.

fis fi-1 fi fi+1 fis2 Error

Forward

hf'i O(h)
2hf’; + O(h?)
h’f; O(h)
Backward

hf'i O(h)

2hf’; 3 O(h2)
h?f"’; O(h)
Central

2hf’i O(h2)
124f, Olh)
h2f"’; O(K?)
12h2f"; O(h*)




Error Analysis
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Examples

Table 23: Coefficients for various formulas for the derivatives. The last
column is the error in the derivative.
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ODEs in Physics









Dependent variable: x
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Fuler Forward Method
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Solving x = =100 x

def f(x,t):
return -100*x

def Euler explicit(f, tinit, tfinal, dt, initcond):
= int((tfinal-tinit)/dt)+1 # n-1 divisions
= np.linspace(tinit,tfinal,n)

= np.zeros(n)
X[0] = initcond

for k in range(n-1):
x[k+1] = x[k] + f(x[k],t[k])*dt
Feturn t;x




tinit =0

tfinal = 1

dt = 0.01

initcond = 10

t,x = Euler_explicit(f; tinit, tfinal, dt, initcond)







x = —t exp(—x).
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Stability Issues
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o Stable: A Method is stable if it produces a
nounded solution when the solution of the OD
IS bounded.

e Unstable: A method which Is not stable Is said to
ne unstable.




* Conditionally stable: A method is conditionally
stable If it Is stable for a set of parameters, and
unstable for another set of parameters.

 Unconditionally stable: A method is unconditionally
stable if it is stable for all parameter values.

 Unconditionally .unstable: A method is
unconditionally unstable it it is unstable for all
parameter values.
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Nonlinear equations
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Table 24: Regions of stability and instability for Examples 1-4.
ODE Stablity regime Instablity regime
X =—X At<] At>1

Z=—1TZ None all At

X =ax At<1/lal (fora<0) At>1/lal (for a <0)
x = —t exp(-x) all At None

x = x% —=100x At <1/100 At>1/100
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culers Implicit
\Viethod
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X0+ 1) = x4 (AF) A XD, 1)




Difficulties

x(n+1) s x(n)_ a(At) - exp(_x(n+1))



Solving

x(n+1) - x(n)_ (X(At) [(x(n+1))2 -100 x(n+1)]

1
(n+1) _ _ 2 (n)
x 2(At) [(IOO(At) + 1) — 4/ (100(A¢) + 1) 4(At)x ]




def Euler implicit(tinit, tfinal, dt, initcond):
n = int((tfinal-tinit)/dt)+1 # n-1 divisions
t np.linspace(tinit,tfinal,n)
X np.zeros(n,dtype=complex)
Xx[0] = initcond

for k in range(n-1):
Xx[k+1l] = ((100*dt+1)-np.sgrt((100*dt+1)**2
-4*dt*x[k]))/(2*dt)

return t,x
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Accuracy
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Stability Issues
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